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Agenda

© The classical 3-bit repetition code:
majority vote, p; = 3p? — 2p?

©® Decoding with parity checks instead of a
vote

® The quantum bit-flip code: encoder,
syndrome, correction

@ The phase-flip code: the same code in
the Hadamard basis

©® Shor’s nine-qubit code: both at once
® Why correcting X, Y, Z is enough
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every code today has this shape

— — — — —

encode } O — 000
¥
noise 000 +—+ 010
¥
detect: parities } y1y2 = 1
¥
correct } flip bit 2
¥
decode } 000 — O




A noisy channel flips bits

Binary symmetric (bit-flip) channel

sent (Ty) received (Rx)
1—p
o o
p
p
1 1
1—p

Each bit is flipped independently with

probability p: the bit error rate (BER).

Example: p = 1072

Send 1000 bits = about 10 arrive wrong.

1000 bits = 125 characters of text: up to 10
corrupted letters.

® The same model describes memory: a
stored bit flips with probability p

® |[owering p itself is expensive. Can we
lower the effective error rate instead?
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The 3-bit repetition code

® |ogical bit: the value we want to sent received flips  decoded
send
000 000 o (o]}
® Physical bits: its representation on 001, 010,100 1 O,
the channel 011, 101, 110 2 1, (wrong)
. m 3 1. (wrong)
OL —> 000 1 +— 111 " ' °
110, 101, O11 1 1
Majority vote: output the value held by 100, 010, 001 2 O (wrong)
000 3 o, (wrong)

at least two of the three bits.

At most one flip = the vote is always right.

Takeaway: Redundancy turns “one flip destroys the message” into “it takes two flips”.
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Worked example: how often does the vote fail?

Send 0, = 000. The vote fails on two or three
flips:

m ps

2 3

p = pP+3p*(1—p) = 3> —2p

Errors now need two independent events:
pL o p*.

p =102

p. = 3(107%) — 2(107%) = 2.98 x 1074

1000 bits, no code 10 errors
1000 logical bits, coded ©0.298 errors

® 33.6x fewer errors...

e ... for 3x the bits: rate R = k/n =1/3

Takeaway: The code wins whenever 3p? — 2p® < p. Next: by how much, and up to which p?
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More repetition, fewer errors — if p < 1/2

log scale: slopes 1, 2, 3 linear scale
10° _ 1.0
g nocode — _—====2
2 40-3 4" "’ 0.8 7 preak-even
5 /’2%;10"‘ 064 P71
O o6 it .-t -6
= 10 Y 9.85x 10 0.4 - .
% - Py code helps
S 1079 H5-bit 0.2 R 4 for p<1/2
R
A7
—rrrr—r—rrr——m 0.0 : : : .
1073 1072 1071 0.00 0.25 0.50 0.75 1.00

physical error p

5-bit code fails on > 3 flips:

po=>0, ()P0 —p)y

Atp = 0.01: p,. = 9.85 x 10¢, about 103 x
below p.
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physical error p

e n-bit code: p; ~ p("*)/2 (slope on the
log plot)

® p =1/2:acoinflip for every n —
break-even; above it the vote hurts



Decoding without a vote:

parity checks

Compute two parities with XOR gates:

X1
)D—’ Y1 = X1 D Xz

X —4

X3

® A codeword has equal bits, so
Yi=e ey, =e De;

received  yiy, flip result
oooor111 00 — unchanged
100 or oM 10 bit 1 000 /1M
010 or 101 1 bit 2 000 /1M
001 or 110 o1 bit 3 000 /1M1

Checked on all 16 (codeword, error) pairs: this
decoder outputs exactly what the majority vote
outputs, so p, = 2.98 x 10~ again.

® The syndrome y,y, depends only on the

error e, never on the message

Takeaway: We learned which bit flipped without learning what was sent. That is the idea that

survives into the quantum world.
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Going quantum: three obstacles, three answers

Classical step Quantum obstacle (L10) Today’s answer

copy the bit: 0 +— 000  no-cloning: no unitary maps entangle, do not copy:
[9) = [4)° |000) + [ [111)

read the bits, vote measuring collapses measure only parities Z,Z,, Z,Z,
alo) + B 1)

only bit flips occur phase flips Z, and a continuum phase-flip code, Shor’s code, and the
of errors (L11) syndrome discretizes errors

I The parity-check decoder of the last slide never looked at the message. Which of the three
obstacles does that already defuse?

COE531: Lecture 12



Encoding a qubit: entangle,

do not copy

alo) + A1)

o)

o)

(a) (b) (c)

(a) « |0o0) + 3 [100)
(b) a[000) + B]110)  CNOT1— 2
(c) @ |000) + B]111)  CNOT1 — 3

Logical basis: |0;) = |000), |1,) = [111).

Not three copies. Compare

[1)®% = a® |oo0) + o (|oo1) + [010) + |100))
+ aB?(Jon) + [101) + |110)) + B |111)

® Cubic in «;, 8: no unitary produces it for
every |1) (no-cloning)

® The encoder is linear: two amplitudes in, the
same two out

® One qubit of the code alone is
pr = diag(]a|?, |5]?): it holds no copy of the
relative phase

Takeaway: The information lives in the correlations among the three qubits, not in any one of

them.

COE531: Lecture 12



Bit-flip errors, and how not to look for them

Wrong: measure the qubits

error  state ZZ, Z,Z3 recovery . .
® After X,, reading all three gives 010

none «|o00) + Bl11)  +1 +1 — (prob. |a|?) or 101

X al100) + Blon1)  —1 +1 X ® Either way the state collapses: «, 3

Xz alo1o) +p1o1) —1 =1 X, are gone

X a |001) + [ |110 +1 —1 X

° loot) + 5 1o) ° Right: measure the parities

Z,Z, [XiXo%3) = (—1)P% |x,x,%3): the eigenvalue is the ® Ask only “do qubits 1 and 2 agree?”
classical parity y,. Both terms of every row share it, so and “do 2 and 3 agree?”
each row is an eigenstate of both checks. ® The answer is certain, and the state

is left untouched

Takeaway: The four errors move the code into four orthogonal subspaces; the two parities say
which one.
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The bit-flip code, end to end

encode noise syndrome extraction correct decode
[ - - - - - - """~ "7""7>""”""”"" ‘/=/— """ °"77 A S |
ar |y — — X — — ¥
I b ! [ [ |
a : o) — — E ——j x —— — o)
1 | | 1
1 o 1 ‘ L | 1 |
. | . | 1 l BA
as: |o) U S . o T P S O—— | |o)
I L |
a,: |0 t
1 10) | el ma |
I I I
) |
ds : |0
2: 10) 9% A—"—% |
S2
® g, collects x; @ X, a, collects x, ® x5: ® Correction: s;5, =10 — X;, 11 — X,,
reading s; measures Z,7,, Z,Z, 01 — X

e Data qubits are never measured (®=bitis1, 0=bitis o)

® Decode = encoder run backwards
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Worked trace: an X on qubit 2

encoded (ar|oo0) + 3 |111)) |00),,
noise X, (a|o10) + B ]101)) |00},
CNOTs into a, « |010) [10) + 3 ]101) |10)
CNOTs into a, «|010) 1) + 3 [101) |11)

= (alo10) + B101)) ® 1),
measure a 5.5, = 11 with probability 1
apply X, a|ooo) + B ) v

Why nothing leaks

Both branches carry the same error,
hence the same parities. The ancillas
end in a product state with the data,
so measuring them reveals the error
and nothing about «, 3.

Simulated (random «;, 3): X;, X,, X; give
s = 10, 11, 01 with probability 1; fidelity
after correction 1.

The catch: measuring g, instead gives o with probability |«|? and leaves |010): /3 erased for good.
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What the bit-flip code cannot do

1. Two flips: a wrong “correction” 2. A phase flip on any qubit
XXz a [110) + [ [oo1)
syndrome (41, —1) = "“it was X;"
applyX;  a|111) + 5 |0o0)

Alogical flip X = X,X,Xs, reported as success.
Probability 3p? — 2p3, exactly as classically. °

Z(a|ooo) + B]111) ) = a|000) — 3 [111)

Z commutes with Z,Z, and Z,Z5:
syndrome (+1, +1)

® Undetected, uncorrected: the logical
phase is destroyed

® One Z suffices: there is no majority for a
sign

The catch: the bit-flip code corrects one kind of error only; real qubits suffer both (L11).
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A phase flip is a bit flip in the Hadamard basis

Z|+)=|F), HzH=X

So swap the roles: encode in {|+),|—)}.

alo)+ Bl — alt+4) +5-—-)
error  state
none a|+++)+B|-—-)
Z a4+ Bl
z, alt—+)+B|-+-)
Z, al++—=)+B8-—+)

Encoder: bit-flip encoder, then H on each qubit

alo)+B1) [H]—
o) [H— al+++) +81-—-)
0) ———{ H|—

® Logical basis |o) = |[+++), [1) = |———)
® Same table as before with 0,1 — 4, — and
X—=Z
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The phase-flip code: detect in the X basis

measures X1 X, and X, X3

ar : o) {E‘
as : [0) (]

H turns |+) into |0) / |1), the old circuit reads the
Z-parities, H turns back. Since HZH = X: this
measures X, X, and X,X;.

XiXa  XoX3  recovery

+1 +1 =

—1 +1 Z,

—1 —1 Z,

+1 —1 Z3

bit-flip phase-flip

checks 212y, 22725 XX, XaXs
corrects oneX oneZ
blindto Z X

Simulated: Z,, Z,, Z; read 10, 11, 01; fidelity 1

after recovery.
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Shor’s code: protect against both by nesting

Step 1 (phase-flip code): a|+++) + 3|———)

Step 2 (bit-flip code on each qubit):

e L L [ ] [0 ] 1) = Z(lo0o) + m)), |- = Jx(ooo) — 1)
inner: { : { } ‘ ;
bit-ﬂip 1 2 3 4 5 6 7 8 9

Shor’s code: 1 logical qubit in 9 physical qubits

jor) = 722 (l000) + [111) )%, 1) = ;2= (Jooo) — |a11) ) **
|o.) expanded: 8 terms |[000000000) , . . ., [111111111), each with amplitude ﬁa

P.W. Shor, Phys. Rev. A 52, R2493 (1995).
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Shor’s encoder

0 00 oot
LLLLeLLlel=

phase-flip

bit-flip x 3

.
2 + block 1

3

)

5  block 2

7
8 » block 3
9

fan)
A\
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State after each stage

@ CNOT1— 4,1—7:
a|000) + B ]111) on1, 4,7

® Hon1,4,7:
&l ++) + B =)

® CNOTs1— 2,3; 4 — 5,6
7 —8,9:
aloy) + B )

Checked: the circuit maps |0) , [1) to the
codewords of the previous slide exactly
(512-dim statevector).



Correcting X errors: three bit-flip codes

both read —1
VLVA Z5Z¢ Z3Zq
7,7, Z4Zs 277
error Xs
block 1 block 2 block 3

* Each block J-(|ooo) + [111)) is a bit-flip Worked: Xs

codeword 2475 = —1, ZsZs = —1, all other Z-checks
® Six checks, two per block, read exactly as +1

before = middle qubit of block 2 = apply Xs.

® An X in block b fires only the checks of block
b
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Correcting Z errors: compare the signs of the blocks

A Z on any qubit of a block flips that block’s sign:

Zs: (|000) + [11))456 — (|000) — [111)) 456

X®3 reads a block’s sign:

X®3(]ooo) + |111)) = +(|ooo) + [111)). So

X, - -Xg compares the signs of blocks 1, 2 and

X4+ - -Xo those of blocks 2, 3: the phase-flip code’s
table, one level up.

Xi---Xe X4 --Xo  sign flipped in

—1 +1 block 1 — apply Z,
—1 —1 block 2 — apply Z,
+1 —1 block 3 — apply Z,

Worked: Z;

X1+ Xg = —1, Xy - -Xo = —1, all six
Z-checks +1=- block 2 = apply Z,.
Fidelity 1.

Worked Y5 = iX5ZS
Both kinds fire: 7,75, 7574, X;- - -Xs,

X4 - -Xg all =1 = apply X5 and Z,. Fidelity
1.

Applying Z, for a Z; error is not a mistake —
see two slides on.
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Shor’s code: the full circuit

encode noise syndrome extraction recover decode
o o oo 't i o N L1 ' e o H—o—o
|w>3; ‘ H— l‘si‘ o i p
block ds : U ‘: ] : l : ‘ : A
[}
! a t L1 @: : |
as ; — = i
as — [H]—e g e o TH]
| L é ' |1 |1 L é L
ok |4 — LAy S 1 e
|
2 ag : :\*H B——_FR(S):\
ag 1 | Eﬁ !
& —— —1 E——— DR . S p—
block s 1 D :\ E M T : 1
3 GO T T TT T T
as | 1’3 i
ag | :\ 1l Bﬁ P
b — Y [} HHA=S |
b T S R —— ] ) — L A P
Z-checks: under each block, two ancillas read its ZZ parities —  R(s): the X and Z tables of the last two slides. 17 qubits; 24
the bit-flip circuit, three blocks in parallel. X-checks: CNOTs per round. Simulated gate for gate: no error and all

by = X3+ - -Xg, ba = X4+ - Xy (H, one control fanned out to six 27 single-qubit errors return |¢) |0 - - - 0).
targets, H).
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All 27 single-qubit errors, simulated

The experiment (L12_shor . py)

qubit Xk Zk Yk
. )
1 100000]00 000000]10 10000010 E_ncofjt'erandom a, f with the
2 110000]00 000000110 11000010 cireu
3 010000100 000000|10 010000]10 ® Apply each of the 27 Paulis
4 001000100 000000]11 001000|11 e Compute the 8 parity eigenvalues
5 001100]00 00000011 00110011
6  000100]00 000000]11 00010011 ® Correct by the two tables
7 000010100 000000101 00001001 Result: fideli oral
8 000011100 000000101 00001101 esult: idelity = 11tor all 27.

000001|00 000000]/01 000001|01

e

® Y, =the X, bits + the Z; bits

bit order 2,25, Z,Z3,2,Zs, 7576, 7723, Zg Zy | X1-6, X4-9; 1= eigenvalue

B ® Only 21 distinct syndromes:

Z,,Z,,Z; share one
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Any error, not just X, Y, Z

Any one-qubit operator is a sum of Paulis,
E=e,1+eX+e,Y+e;Z soanerror on
qubit k gives a superposition

Ex 1) = €o |t1) + eXi 1)
+ exYk [1) + esZi i) -

The four terms have different syndromes.
Measuring the syndrome collapses onto one
term, with probability |e;|*> — then we correct
it.

Demo: rotation e "7 on qubit 3
0 =0.3 n=1,22)/3:

eo = cosl, (e, e,,e3) = —isinfn
syndrome prob. correction fidelity
000000/00  0.9127 none 1
010000/00 ©.0097 X3 1
010000110 0.0388 X3, Z4 1
000000|10 ©0.0388 iz 1

Probabilities = cos* @ and sin® 0 - (3, 3, %). Without
correction the fidelity is 0.913.

Takeaway: Correct X, Y, Z on every qubit and you have corrected every single-qubit error.
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A quantum surprise: different errors, same effect

Z,, Z,, Z give the same syndrome — so how can Checked numerically

the decoder correct them all? WJ > W} ) W >
® 7 =% ) =7 L
Because they do the same thing to every ! 2 3

codeword. Z,Z, is a parity check, so ® Z4|) = Zs ), -
2,2, |¢L> = |1/)L>v and ® but Z ‘w’-> 7é Z4 |1/}L>
Zy ) = Z(Z:Z,) |h) = Zy ) - Classically, two different errors must be told
apart. Here they need not be: the code is

Applying Z, after a Z, error leaves Z,Z,, which acts

) ° degenerate.
as the identity on the code.

Takeaway: Degeneracy has no classical analogue. L13 makes it precise (Knill-Laflamme); L14
explains it with the stabilizer group.
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What Shor’s code costs, and where it breaks

Two errors in the wrong places

bit-flip  phase-flip Shor
qubits 5 5 5 ® X.X, (same block): decc?der_applles X33
parity checks ) ) 8 net X;X,X; acts as a logical Z
CNOTs/round 4 4 24 ® 7.7, (different blocks): decoder blames
corrects one X one Z any 1-qubit error block 3, applies Z,; net Z,Z,Z, acts as a
rate R = k/n 1/3 1/3 1/9 logical X
Two errors: 180 of the 324 two-qubit Paulis are Both fail silently: the syndrome looked like a
still corrected — the other 144 are not. single error.

| Nine qubits to protect one. L13 asks: can we do better? (Yes: 7 qubits, then 5.)
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Summary

® Repetition with majority vote: p; = 3p% — 2p3; at p = 0.01, 2.98 x 10~ . Five bits:
9.85 x 10, Useful only for p < 1/2

® Parity checks find which bit flipped without reading the message — the classical idea
that survives

e Bit-flip code: o |000) + [ [111) (entangled, not copied); measure Z,Z,, Z,Z; with
ancillas; correct one X

® Phase-flip code: the same in the Hadamard basis; measure X;X,, X,X5; correct one Z

® Shor’s code nests the two: 9 qubits, 8 checks, corrects any single-qubit error

® The syndrome measurement collapses any error onto a Pauli: correcting X, Y, Z suffices

e Different errors can act identically on the code (degeneracy) — L13, L14
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L12_repetition.py, L12_three_qubit.py, L12_shor.py).
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